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Alphabets and Languages
Symbols and Strings
An alphabet isafinite set of symbols. These symbols can be
anything, but usually they will be symbolslikea, b, 0, 1, #, etc. The
symbol ¥ isusually used to denote the al phabet.
Examples of alphabets include:

. zlz{a, b}
. 22={a, b,c ..z
.23:{0, 1}
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Symbols and Strings

A string over an aphabet is a finite sequence of symbols from that
alphabet. Note that the word "sequence” was used rather than "set;"
the order of symbolsin astring is significant.

Examples of strings over the alphabets above include:

. abbaisastring over 2
- supercalafragilisticexpalidociusis a string over z,
- 10010100 is astring over 2z,

The empty string, denoted A, is the string with no symbols.
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Symbols and Strings

A word about strings and symbols...

What isa?Isit astring or a symbol?

It can be either and usually we'll have to tell which it isfrom the
context. There is a convention that helps us here, however. Symbols
from the beginning of our Roman alphabet are usually just that,
symbols.

The lowercase Greek letter ¢ is used to represent a symbol; sort of a
symbol variable.

Thelettersw, x, y, and z often are used to represent strings; these
are string variables.
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Symbols and Strings

Thelength of astring isthe number of symbolsin the sequence
comprising the string. We denote the length of a string w as |w].

If wisthe string abba then |w| = [abba] = 4.
Notice that, since A has no symbolsin its sequence, |A| = 0.
We can refer to symbolsin specific positions within a string:
-w(l)=a
-w(2)=w(3)=b
-w(4)=a

Notice that, unlike array notation in C or C++, thefirst index of a
stringis 1 not 0.
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Symbols and Strings

We can create new strings from existing strings using
concatenation. The concatenation of two strings x and y is written

Xy OF Xey.
For example, abba-=baaba yields the string abbabaaba.
Obviously [xy] = x| + [v-

Concatenation is associative: given the three strings x, y and zwe
have that (xy)z = x(y2).

[Since parentheses are often used to group symbols or strings, it is

customary to exclude them from alphabets. The string (X) isthe
same as the string x.]
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Symbols and Strings

We will use the notation W' to indicate a stri ng of length ijw] which
is obtained by repeatedly concatenating w on to an initialy empty
string i times.

L

wl=wlew, 20

For example, if w = abbab then w* = abbababbababbab.
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Symbols and Strings

A string yisasubstring of astring w if there are strings x and z
such w = xyz. Either or both of the strings x and z may be the empty
string A.

Every string is a substring of itself.

A isasubstring of every string, including A.

The string xis a prefix of wif thereisastring y such that w = xy.

The string zis a suffix of wif thereisastring y such that w = yz.
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Symbols and Strings

Thereversal of astring w is denoted wRor reverse(w) and has the
property that

wWR(i) =w(n-i+1), i=1,..n

where n = |w|. This just means that wR is w backward.
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Languages
The star closure or univer sal language of the alphabet = is
denoted =* and isthe set of al strings that can be formed using the
symbolsfrom z.

A language is a subset of =* for some alphabet =.
The symbol & is used to denote the empty language, the language

with no strings. Notice that thisis different than the language { A},
the language that contains only the empty string.

Usually we'll describe alanguage with notation like

L ={wez* | w has some property P}
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Alphabets and Languages
Languages

While aphabets are finite, languages can be finite or infinite. The
language L == is an infinite language while L,= {abb, baa} isa

finite language.

Note that while an alphabet = is a set, we usually assume that some
arbitrary order has been imposed on it. Doing this lets us list strings
in alanguage over this alphabet in a systematic way. When we list
thg strings in alanguage we usually list them in the following
order:

1. shorter strings are listed before longer strings,
2. strings of the same length are listed lexicographically.

Two strings u and v are ordered lexicographically when u comes
beforevif u(i) < w(i) wherei isthefirst position where symbolsin
the strings differ.
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Languages
For example, let = = {a,b} and consider the language L = =*. Then

L ={A, a, b, aa, ab, ba, bb, aaa, aab, aba, abb, baa, bab, bba, bbb,
o}

One advantage of doing thisisthat, even in the case of infinite
languages that cannot be listed, the strings in the language can be
surmised by the pattern of stringsthat are listed.
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Alphabets and Languages
Languages

Since languages are sets of strings, all the familiar set operations
apply to them. Given languagesL, and L, we can construct new

languages:

The complement of alanguage L is
L' =3*-L

and is the language containing all strings (that can be formed from
¥) that arenotinlL.
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Languages

The concatenation of the languages L and L, is denoted
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Alphabets and Languages

Languages

TheKleene star (pronounced "KLAY -nee star") or Kleene closure
of alanguage L isdenoted L*.

A stringwisinL* if
W= W sWoe...oW
whenw e =* and

Wy, W, ooy W E L
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Languages

The star closure of a set of symbols or strings contains strings of
length zero or greater. Thereis another useful closure, the positive
or plusclosure, that acts just like the star closure except that strings
in it are composed of one or more strings from the generating set.

For example, if = ={a, b} then

=* ={A, a, b, aa, ab, ba, bb, aaa, aab, aba, abb, baa, bab, bba,
bbb, ...}

=" ={a, b, aa, ab, ba, bb, aaa, aab, aba, abb, baa, bab, bba, bbb, ...
"={ab ab, ba, bb aab, aba, abb, baa, bab, bba, bbb
}
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