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Fair Division

Dividing a Cake

Imagine that two children, M and K, have both earned a portion of a
sweet treat – like a piece of cake! How should we divide it for them?
Give me some ideas.

Here’s a few of my own – which depend upon the composition of the cake!

I If the whole cake is pretty much the same, I’ll just give it all to K.
I Now assume the cake is half chocolate and half strawberry, and K and

M like chocolate and strawberry, respectively, way more than the
other option.

I Maybe I should give M all the chocolate and K all the strawberry.
I Alternately, I’ll give each of them a piece that is half chocolate and half

strawberry.

Like my ideas?
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Fair Division

Dividing a Cake

I’m going to assume that for some reason you didn’t approve of my
divisions of the cake.

Why not?

I K liked getting the whole cake in the first one, but M didn’t get any.

People who combine math and choice say this is not equitable; M
and K don’t value their pieces the same.

I What about the two-flavor cake? These divisions were equitable...

I But in the first one, they probably want to swap pieces!

They envy each other, so we say this one is not envy-free.

I The final allocation is envy-free, though. But there is a better way to
divide the cake, in the sense that we can make both of them happier.
(Can you think of how?)

We can say the division was not efficient if we want a technical term.

I So does your final idea have all three properties?
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Fair Division

Choice and Mathematics

Some of you might be wondering where the math is in this talk.

But it’s been here the whole time. As soon as I use the word ‘fair’, I have
to make a choice of how to define it.
And being accurate about definitions and following the consequences is
what mathematics is all about! Here are some facts about the topic of
‘fair division’, which this is an example of.

I Fact: There is a nice way for two people (without me interfering) to
divide any cake that is both equitable and envy-free.

(No one wants to swap, everyone thinks they got the same amount.)

I Fact: There is no universal algorithm to divide any cake that is both
efficient and envy-free.

(Someone will want to swap, or we’ll miss a way that makes
everybody happier.)

Such ideas are quite old; Abraham and Lot (in the Hebrew Bible) even use
a simple envy-free procedure to decide where to graze their flocks!
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Fair Division

Choice and Mathematics

Now let’s try an activity to think about this.

One more modern (equitable, envy-free) procedure is called Austin’s
Two-Moving-Knife Procedure. To imagine this, think of a cake that has
lots of different things in different places, unevenly distributed – things like
frosting, fruit, sprinkles...

1. Someone not playing moves a knife along the cake until one person
yells ‘Cut!’ (thinking the cake’s value is cut in half).

2. This person now moves two knives, with the second starting on an
edge, always keeping what she thinks is half the cake between them.

3. The other person yells ‘Cut!’ as soon as he also thinks the piece in
the middle is half.

4. (Then a coin flip decides who gets which half.)

Let’s try this now. (What basic calculus theorem can prove this works?)
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the middle is half.

4. (Then a coin flip decides who gets which half.)

Let’s try this now. (What basic calculus theorem can prove this works?)
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Fair Division

Choice and Mathematics

It turns out there are lots of things you can use math to help you divide.

I For instance, there is active research (including undergrads, at times)
into exactly when algorithms exist for various numbers of people to
divide various kinds of cakes, how many cuts are needed, and so forth.

I One fun example is Francis Su’s rent calculator – a fun way to divide
up unpalatable things, like rent. It relies heavily on fixed-point
dynamical ideas, sort of like a Newton’s Method for fair division.

I There is even a patented method using a type of bidding system for
dividing property in a divorce.

I This is of great interest to economists – and hence strategic
considerations are part of any analysis.
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Apportionment and Redistricting

Elections and Mathematics

Some of you might be wondering where the voting is in this talk.

It’s there! Think about the cake as voting; there are two people, and cake
preferences are their ‘votes’.

But let’s get more concrete on division and voting. For instance, why do
Maine’s two representatives in Congress only have to represent about 670
thousand people each, while Massachusetts’ reps each represent 730
thousand people each? (And would that be different if Maine hadn’t left
in 1820?)
Let’s see what the Constitution has to say.
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Apportionment and Redistricting

Elections and Mathematics

The actual enumeration shall be made within three years after
the first meeting of the Congress of the United States, and
within every subsequent term of 10 years, in such manner as they
shall by Law direct. The Number of Representatives shall not
exceed one for every thirty Thousand, but each State shall have
at Least one Representative.

There is a widget from the US Census that makes it easy to see how this
has changed over time. Montana is really underrepresented, while
Wyoming is really overrepresented. Who decides this, anyway?
You’d think you’d want to just give states the exact number they deserve.
Only... that would yield fractional congresspeople.

So now what?
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Apportionment and Redistricting

Elections and Mathematics

After the 1790 census, Alexander Hamilton said, “Divide; then round down
fractions, and then give extras in order of who is missing the most.”

There were some problems with this, though.

I Some states had fewer than thirty thousand per rep, and

I Some states wanted more than they got under this plan.

So Washington vetoes the bill – the first presidential veto ever!

The bill that passes uses a method from Thomas Jefferson.

I Basically, instead of using the standard average (population/reps),
you try to find an ‘ideal’ district size and use that to round. Sort of
an optimization problem.

I Jefferson rounded down, which happens to favor large states – like his
and Washington’s Virginia.
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Apportionment and Redistricting

How to distribute influence

This shows some steps of Jefferson’s method using some (slightly cooked)
data (like that) from the first census.

Notice how bigger states will gain additional seats more quickly.
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Apportionment and Redistricting

How to distribute influence

But it didn’t really matter, from a mathematical perspective, because:

I Fact: Any method like Jefferson’s or Webster’s suffers from a big
flaw; you can get more (or fewer) representatives than either a
straight rounding up or rounding down would give!

I (This happened in 1832, with New York getting 40 seats in Congress
even though it ‘deserved’ 38.6 seats.)

I The method we use today also can have this happen. . . though so far,
it hasn’t!

I Fact: Any method like Hamilton’s suffers from a big (bigger?) flaw;
your state can lose a seat due only to Congress getting bigger!

(Not due to population changes.)
I (This almost happened in 1882, where Alabama would have had more

seats in a Congress of 299 reps than one of 300.)

In the early 1980s, Michael Balinski and Peyton Young mathematically
unified and proved everything known and observed up to that time. Their
work has been quoted in several Supreme Court decisions about this issue.
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Apportionment and Redistricting

How to distribute influence
And don’t even get me started on district shape! My college is right in the
middle of the original ‘Gerrymander’:

In Maine it’s a little harder to do that. A great place to see how this works
is The Redistricting Game.
(There is a lot of undergraduate research in this area.)
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The Mathematics of Voting

Same Election, Different Results

Let’s get to voting, shall we?

Imagine the following hypothetical outcome in a popularity contest:

Scott Taylor Jim Scott Fernando Gouvêa

35% 28 % 37 %

It’s pretty clear who wins here, right? Or is it? With the same voters and
their likes/dislikes, say we also have the following two-way poll results.

Taylor-Scott Taylor-Gouvêa Scott-Gouvêa

55%-45% 63%-37% 63%-37%

Gouvêa is way behind now – what happened? Could someone win even if
s/he would lose dramatically to the others head-to-head?

(Change a few names to get the Minnesota election for governor in 1998,
where radio host, wrestler, and small-town mayor Jesse Ventura won.)
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35% 28 % 37 %

It’s pretty clear who wins here, right? Or is it? With the same voters and
their likes/dislikes, say we also have the following two-way poll results.

Taylor-Scott Taylor-Gouvêa Scott-Gouvêa

55%-45% 63%-37% 63%-37%
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The Mathematics of Voting

Same Election, Different Results

It turns out that this sort of thing can happen all the time when we use
the usual plurality vote to pick a winner. Some of you may be familiar
with the 2000 US presidential election.

Whether you agree with this particular analysis, plurality is particularly
susceptible to paradoxes involving additional candidates.

One could try a different method. . .
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The Mathematics of Voting

Same Election, Different Results

One popular one is like that used in college football polls. You could give
three points to your favorite candidate, two to the next one, and only one
point to your least favorite candidate. Whoever gets the most points wins.

Using poll data from the actual MN election:

35% 28% 20% 17%

Taylor Scott Gouvêa Gouvêa
Scott Taylor Taylor Scott

Gouvêa Gouvêa Scott Taylor

we would get Taylor winning (though not by much).

If a fourth candidate was involved, it would be easy to have poll data that
indicated Scott wins with this method.

What is going on here?
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Gouvêa Gouvêa Scott Taylor

we would get Taylor winning (though not by much).

If a fourth candidate was involved, it would be easy to have poll data that
indicated Scott wins with this method.

What is going on here?

Karl-Dieter Crisman (Gordon College) A Sampler of Voting Colby: 3/10/2014 19 / 24



The Mathematics of Voting

Same Election, Different Results

One popular one is like that used in college football polls. You could give
three points to your favorite candidate, two to the next one, and only one
point to your least favorite candidate. Whoever gets the most points wins.

Using poll data from the actual MN election:

35% 28% 20% 17%

Taylor Scott Gouvêa Gouvêa
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The Mathematics of Voting

The Search for the Ideal Voting Method

A young economist named Kenneth Arrow asked himself just that question
in the early 1950s.

His conclusion was fairly startling:
Arrow’s Theorem: There is no voting system which:

I Obeys head-to-head matchups,

I Is not a dictatorship, and

I In which the name of the voter and candidate doesn’t matter, and

I In which getting more votes helps that candidate.

This result is a lot of what won Arrow the Nobel Prize in Economics.

But that doesn’t stop people from trying to advocate for their preferred
method.
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The Mathematics of Voting

The Search for the Ideal Voting Method

And that’s with good reason – although no method is perfect, not all
methods have the same problems.

Here are three methods in actual use in this country and around the world
in various contexts.

I The Borda Count is the points system we used earlier.

I With Approval Voting, you just vote for everyone you approve of!
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And that’s with good reason – although no method is perfect, not all
methods have the same problems.

Here are three methods in actual use in this country and around the world
in various contexts.

I The Borda Count is the points system we used earlier.
I It avoids a lot of common voting paradoxes, and is easy to explain.
I But using it with lots of candidates is tedious.
I Also, operatives could easily finance stealth candidates to manipulate

the point spread.

I With Approval Voting, you just vote for everyone you approve of!
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And that’s with good reason – although no method is perfect, not all
methods have the same problems.

Here are three methods in actual use in this country and around the world
in various contexts.

I The Borda Count is the points system we used earlier.
I With Approval Voting, you just vote for everyone you approve of!

I It is very popular in professional societies.
I It’s obviously easy to administer.
I But essentially anything can happen with AV, depending on how people

actually mark their ballots.
I That is, when it’s been used, it needs special warnings – like to not

vote for someone just to encourage them!
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I Instant Runoff (also known as STV) is another popular method in
grass-roots circles.
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Here are three methods in actual use in this country and around the world
in various contexts.

I The Borda Count is the points system we used earlier.

I With Approval Voting, you just vote for everyone you approve of!
I Instant Runoff (also known as STV) is another popular method in

grass-roots circles.
I It’s similar to reality TV runoff methods.
I It’s fairly easy to explain – your second (and third and . . . ) choices

count if your first choice doesn’t win.
I But IRV is susceptible to a truly horrific paradox. It is quite possible for

additional campaigning by a candidate to add support, directly causing
them to do worse in the election!
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The Search for the Ideal Voting Method

And that’s with good reason – although no method is perfect, not all
methods have the same problems.

Here are three methods in actual use in this country and around the world
in various contexts.

I The Borda Count is the points system we used earlier.

I With Approval Voting, you just vote for everyone you approve of!

I Instant Runoff (also known as STV) is another popular method in
grass-roots circles.

So it is up to us to be informed!
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The Mathematics of Voting

The Mathematics of Voting and Choice

You might be wondering what kind of mathematics is involved in this.
Here is a teaser involving linear algebra to close us off.

I We can think of the voters from the popularity contest as the vector
(35, 0, 20, 17, 0, 28), where each entry corresponds to an ordering of
candidates. (Recall none had G in second place.)

I We can decompose the vector with respect to the following basis:

(35, 0, 20, 17, 0, 28) =

100

6
(1, 1, 1, 1, 1, 1) +

10

6
(1,−1, 1,−1, 1,−1) +

22

3
(1, 1, 0,−1,−1, 0)

+
17

3
(0,−1,−1, 0, 1, 1) − 8(1, 1,−2, 1, 1,−2) +

26

3
(−2, 1, 1,−2, 1, 1)

I Believe it or not, the coefficients alone tell us exactly how it will
behave with respect to all the systems we care about.
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The Mathematics of Voting

The Mathematics of Voting and Choice
There is so much more we could talk about!

One of my current favorites is ‘judgment aggregation’. From List via
Kornhauser/Sager, we have the archetypal example:

I Suppose a collegial court consisting of three judges has to reach a
verdict in a breach-of-contract case, and there are three propositions
on which the court is required to make judgments, the third of which
follows from the first two:

I The defendant was contractually obliged not to do a particular action.
I The defendant did that action.
I The defendant is liable for breach of contract.

I Now, if two out of the three judges agree on each of the first two,
you’d think that the third would follow, right?

I But what if it were a different pair on each of them? Then only one
judge actually thinks the defendant is liable, yet the majority finds the
defendant liable.

There is very interesting combinatorics, propositional logic, and algebra
behind analysis of this kind of situation.
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I The defendant did that action.
I The defendant is liable for breach of contract.

I Now, if two out of the three judges agree on each of the first two,
you’d think that the third would follow, right?

I But what if it were a different pair on each of them? Then only one
judge actually thinks the defendant is liable, yet the majority finds the
defendant liable.

There is very interesting combinatorics, propositional logic, and algebra
behind analysis of this kind of situation.
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The Mathematics of Voting

The Mathematics of Voting and Choice
There is so much more we could talk about! This just scratches the
surface. What else is there?

I Connections with game theory and strategy

I The National Popular Vote movement, and its pros and cons

I How geometry can be used to analyze voting

I Ethical considerations, including Borda’s comment that “My method
is only intended for honest men!”

I The connections between statistics and choice theory
I The fascinating history of voting theory, including

I Plato’s dream for voting
I Nicholas Cusanus’ religious ideas on voting for the (HR) Emperor
I How the pope is chosen
I Why cranky old Lewis Carroll’s method isn’t used

But for now I’ll just thank Dr. Taylor for inviting me, and all of you at the
Colloquium for coming!
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